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The vertical nonhomogeneous character of turbulence in the atmospheric boundary layer results in a non-
stationary turbulence process relative to an aircraft during takeoff and landing despite the fact that the tur-
bulence statistics can be horizontally homogeneous. The simulation of this nonstationary aspect of atmospheric
turbulence is the subject of this paper. A procedure is developed and demonstrated with a longitudinal com-
ponent of turbulence random process field u(x,z), where x and z denote horizontal and vertical coordinates,
which has Dryden autospectra with integral scale L that depends linearly on height above natural grade and two-
point statistics (interlevel cross-correlations) which obey Davenport-Panofsky scaling laws. It is shown that for
these assumed properties of the turbulent field that the random process field v(x,z) which possesses first- and
second-moment statistics equal to those of u(x,z) can be transformed to the random function
v(x,z)/a(z)L V2 (z) =F(x/z) where a(z) is the standard deviation at height z of the random process u (x,z), and
F(x/z) is a random function of x/z. The above stated transformation property and Taylor's frozen eddy
hypothesis permits the generation of the process F(x/z) with white noise from which the random process
v(t) = v(X(t), Z(t)) along the aircraft trajectory (X(t)9 Z(t), can be used as a simulation of the random process
u(t) = u(X(t),Z(t».

I. Introduction

ATMOSPHERIC turbulence has plagued manned
powered flight since the first flight of the Wright

Brothers at Kitty Hawk, North Carolina in 1903.! During the
years that followed that pioneering event an ever increasing
number of studies have been devoted to the problem of
designing aircraft control systems and structures capable of
negotiating and withstanding the vicious attacks of at-
mospheric turbulence. This has been especially true during the
last ten years relative to the design of automatic landing con-
trol systems for both aircraft2 and aerospace vehicles like the
forthcoming Space Shuttle.3 To evaluate a control system
design, it is common practice to simulate flight in turbulence
on computers with turbulence-like random processes
generated by filtering random noise processes such that the
second-moment statistics of the generated random process
resemble those obtained in atmospheric turbulence. Many
techniques have been used to simulate atmospheric tur-
bulence.4 The majority of these techniques are based on the
Dryden hypothesis of the Eulerian spectral density function of
the turbulence5 and Taylor's frozen eddy hypothesis.6 A
major criticism of the existing engineering turbulence
simulation schemes for the atmospheric boundary layer is that
they fail to account for the statistically nonhomogeneous
character of atmospheric boundary-layer turbulence along the
vertical. It is this nonhomogeneous feature which results in
the turbulence appearing as a nonstationary process relative
to an aircraft during takeoff and landing.
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It is the goal of this paper to report new and general
techniques for simulating atmospheric turbulence-like ran-
dom processes which are statistically homogeneous along the
horizontal and nonhomogeneous along the vertical. This
technique is general in the sense that it can be used for a broad
class of similar problems. Like the other presently available
schemes the techniques presented herein are based on the
Dryden hypothesis and Taylor's frozen eddy hypothesis;
however, our technique goes a step further by utilizing certain
self-similarity properties of the Dryden spectral density func-
tion which permits the development of height invariant filters.
These filters are in turn used to generate vertically
homogeneous (statistically) random processes from which tur-
bulence at any specified level in the boundary layer can be
simulated; thus, facilitating the simulation of a nonstationary
turbulence process along the flight path of an aircraft during
takeoff or landing.

II. Definition of Problem

A one-dimensional Fourier decomposition of the
longitudinal component of turbulence u(x,y,z,t) along the x-
axis (directed along the mean wind vector) in a coordinate
system moving with the mean wind is given by

u(x,y,z,t) = ii(K,y,z,t)eiKXdK (1)

where u(K,y,z,t) is the Fourier transform of u(x,y,z,t) at wave
number /c(rad m ~ *). Thej>- and z-axes are orthogonal to thex-
axis with the z-axis directed along the upward vertical. In the
discussion that follows we will be concerned with the
simulation of turbulence fields in the (x:,z)-plane at a given in-
stant, so that we shall not carry y and t along in the analysis.
Although the discussion is confined to the longitudinal com-
ponent of turbulence the analysis is sufficiently general so as
to be applicable to the simulation of the lateral and vertical
components of turbulence.

Let us now construct the longitudinal correlation function
by evaluating Eq. (1) at (xfz) and its complex conjugate at
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(x + r, z-A), multiplying the resulting relationships, and then
averaging over the ensemble of products to obtain

(2)
— oo — oo

The analysis that follows shall be restricted to the case of a
horizontally homogeneous turbulence process, so that
correlation of the Fourier amplitudes must be of the form

<U(K,Z)U* (K',Z — A) > = < AC' — K) (3)

where 6 (AC' — AC) is the Dirac delta function and </>(AC',A,Z) is
the interlevel cross-spectral density function. Combination of
Eqs. (2) and (3) yields the horizontally homogeneous
correlation function

poo

R(r,A,z)= (}>(K,A,
J —00

(4)

We now express the interlevel cross-spectral density function
</>(K,A,Z) in terms of the spectral coherence and phase angle,
namely

Coh (K,A,z) =
0(K,A,z) </>*(AC,A,Z)

(/>(AC,O,Z) <£(AC,O,Z — A)

*, A A * / r />w[0uA,z)] n6>UA,z)=tan-7

L ;M<HAC,A,Z) J (6)

so that

0(Ac,o,z-A)Coh(Ac,A,z)] 1/2

where <£(AC,O,Z) is the auto-spectral density function. Thus,
specification of functions </>(AC,O,Z) , coh (AC,A,Z) and 0(/c,A,z)
serves to completely specify the function <£(AC,A,Z) and hence
the second-moment statistics of u(x,z) in view of Eq. (4). In
the development that follows we seek a filter such that upon
input of white noise processes an output process v(x,z) which
possesses second moment statistics which resemble those of
the process u(x,z) will result. The synthesis of the filter herein
is based on the functions </>(AC,O,Z) , coh (AC, A, z) and 0(*,A,z).

III. Filter Synthesis
The one-dimensional Fourier decomposition of the random

process field v(x,z) is given by

v(x,z)
(-00

=\
J -o

v(K,z)eiKXdK (8)

We begin the simulation of u(x,z) with v(x,z) with « in-
dependent horizontally homogeneous Gaussian white
noiset processes Nk(x) (k = l,2,...n) with the Fourier trans-
form of the kth noise process being Nk ( A C ) . We pass the kth
noise process through a filter with response function Hk ( K,Z) .
A composite process vc(x,z) is then passed through a linear
filter with response function AH(K,Z) to obtain the process
v(x,z) with Fourier transform

V(K,Z) =AH(K,z)vc(K,z)

n

=AH(K,z) D H k ( K , z ) N k ( K ) (9)

Multiplication of Eq. (9) by its complex conjugate evaluated

J Actually we have in mind a band limited white noise process.

at AC' and z-A, and ensemble average of the resulting
relationship yields

<tfUz) t f*(Ac ' ,z -A)> = \A\2H(K,z)H*(K',z-A)
n n

X £ E <^(O^VW(AC /)>^(AC,Z)// ;(AC',Z-A) (10)

The noise processes are statistically independent and their
Fourier transforms are orthogonal with unit spectral density,
so that

<Nk(K)Nm(K')>=d(K-K')dk^ (11)

where dkm is Kronecker delta. In view of the fact that we
require the second moment statistics of v(x,z) to be iden-
tically equal to those of u (x,z) we may write

< v ( K , z ) v ( K ' , z - & ) > = ( l > ( K , A f z ) d ( K - K ' ) (12)

x lj ffk(K,z)H*k(K,z-A)

so that combination of Eqs. (10-12) yields the cross spectral
density function of u(x,z) in terms of the response functions
of the components of the filter, i.e.,

(13)

(14)

(15a)

(15b)

A. Coherence Matching
In this section we seek the functions Hk (AC,Z), k=l,2,...

n. Substitution of Eq. (13) into Eq. (5) yields the spectral
coherence

or

where

coh (AC,A,Z) = (16a)

*=/

Hk(K,z)H'k('K,z)
(16b)

Note that the coherence is independent of (j>H( AC, A,z), as one
should expect, so that the function H(K,Z) can be reserved for
auto-spectra and phase angle matching. Thus, the functions
Hk(K,z) will be used to match the filter coherence of v (x,z)
with the coherence of u (x,z) .

We shall specialize to a class of processes with coherence
functions independent of z. The motivation for this
specialization results from the fact that the turbulence
coherence near the ground (z^ 150 m) appears to behave in
this manner. We shall return to this point later.

To formulate a method of satisfying an arbitrary coherence
function coh (AC, A) we can proceed by assuming that Hk(K,z) is
a pure lag, i.e.,

Hk(K,z)=Cke -****, k=l,2,...,n

Thus, from Eq. (15b) we obtain

(17)

(18)
*=/
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or

coh(/c,A) =
n n m — 1

E bl+2 E E M»cos[(dm-d t)KA]
*=/ m=2 k=l

where

(19)

(20)

Examination of the coherence function given by Eq. (19)
which is the sum of a finite series of cosine functions suggests
that we might determine the b's and d's by expanding the
coherence in an even Fourier series on the interval
— € 0 </cA<e 0 , where e0 is the largest value of «A of interest in
the simulation. Identification of the coefficients and
arguments of the trigometric functions of the said expansion
with the corresponding ones in Eq. (19) yields the values of b k
and d^. The Fourier expansion of the coherence is given by

B. Auto-Spectral Density Matching

In this section we seek to determine that part of H (K,Z)
which is responsible for yielding a turbulence simulation
v(x,z) which possesses an assigned functional form for the
auto-spectral density function c/>(/c,o,z). Evaluation of Eq.
(1 3) at A- 0 yields

) = \A\2<j)H(K,o,z)<t>s(K,o,z) = \ H ( K , z ) \ 2 (28)

where we have set

=|~ X) (29)

Factorization of the left-hand side of Eq. (28) yields H(K,Z)
to within an arbitrary phase angle. Thus, for example,
if 0 ( K,O,Z) is a meromorphic function then we may write

<t)(K,o,z)=B2

'(30)

where X is not necessarily equal to v and B is a real positive
constant. Factorization of Eq. (30) yields

coh(£) =

where

j = \
J

We now set

(21)

(22)

(23)

(24)

where /3 is a constant to be determined through consideration
of the phase angle 6. Substitution of Eq. (24) into Eq. (19) and
a term by term comparison of Eq. (19) with the first n terms
of Eq. (21) yields

E < - !
k = 2

(26)

We thus have n equations in the n-\ unknowns, bj/b /, j=
2, ...«. The quantity b l is arbitrary and can be set equal to
unity with no loss of generality. A number of methods are
available for determining values for the remaining b's. One
way is to directly solve the first n-l equations for bkf
k=2,...n. The difficulty with this approach is that for values
of n>4 the algebraic manipulations involved with deter-
mining the solution of the equations become unwieldy. A
second approach is to determine a set of values for bk,
k=2,...n which satisfies the ^-equations given by Eqs. (25)
and (26) subject to the constraint that the positive definite
function

/= (27)

takes on a minimum value, whereby denotes the coefficients
of the Fourier expansion, Eq. (21) and A' denotes the right
hand side of Eqs. (25) and (26)

where

and

H

(31)

(32)

(33)

where 0T is a function of z and K which shall be determined by
requirements on the corss-spectral phase angle 6. This fac-
torization is sufficient to guarantee that the process v(x,z)
possesses the autospectral density function of the process
u(x,z) as required.

C. Phase Angle Matching
In this section we develop the appropriate matching be-

tween the filter and the turbulence statistics phase angles
(Eq.6). If we express Hy, Hp) and <j>s in polar form (»e~ie)
then it follows from the previous development that

-A) +Op(K,z)

(34)
where subscripts denote the quantity involved and the various
0's are defined in the sense of Eq. (7). The quantity Os is given
by n

£j bksin( ——— ir(k — l)+0)
k=J eo -i

~————7.————— J (35)

k=l

The Z?'s have been determined to match the coherence and the
quantity 6p is a known function of K and z [Eqs. (31) and
(32)]; however the quantity /3 and the function 6y( K,Z) can be
chosen so as to satisfy the phase angle matching requirement
Eq. (34).

IV. Longitudinal Gust Statistics

The spectral data required to implement the simulation
scheme outlined in the previous sections consist of
longitudinal auto-spectra and the coherence and phase angle
associated with the interlevel longitudinal cross-spectra. In
this section we shall discuss these statistics.
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A. Longitudinal Auto-Spectra

Extensive data exists on the longitudinal component of tur-
bulence. The reader is referred to review papers by Teun-
issen7 Luers,8 Busch,9 and Fichtl10 on the subject of
longitudinal spectra which encompass contributions up to ap-
proximately the middle of 1972. A recent and particularly
noteworthy contribution reported in the literature since that
time is Ref. 11 which documents very detailed and precise
measurements of turbulence spectra in the first 23 m of the at-
mosphere. All of these publications show that in a turbulent
atmospheric boundary layer the longitudinal spectrum at suf-
ficiently large values of K asymptotically behaves like

=ae2/3(z)K~5/3, K«-> (36)

where e is the viscous dissipation rate of turbulent kinetic
energy per unit mass and a is a universal constant12 with
numerical value approximately equal to 0.26. Equation (36) is
the longitudinal spectrum for the inertial subrange and
was first proposed by Kolmogorov.13 Since that time it has
been found to be valid for many kinds of turbulent flows
ranging from laboratory scales 14 to those scales of motion in
stars.15'16 As K decreases the longitudinal spectrum departs
from that given by Eq. (36) and tends to approach a constant.
Various functions have been proposed for the longitudinal
spectrum which merge the low wave number region with the
high wave number asymptotic behavior given in Eq. (36). In
most cases the formulas are rather complicated which can
result in complex simulation procedures. In addition, the low
wave number region of the longitudinal spectrum does not
seem to have universal behavior, but rather depends on both
the near and far field terrain surrounding the meteorological
site at which the spectrum is measured. Nevertheless, attempts
have been made to model the longitudinal spectrum with the
Monin-Obukhov-Lettau similarity hypothesis for the surface
boundary layer.9

A longitudinal auto-spectrum which has been widely used
in the aeronautical and aerospace communities and which
satisfies the low and high wave number behavior discussed
above is that due to von Karman 17 namely

[l+(L339L(z)K)2]2-5/6 (37)

where a(z) and L(z) denote the standard deviation and integral
scale of turbulence at height z above natural grade. The fact
that this spectrum is not rational can result in turbulence
simulation difficulties. A way to circumvent these problems is
to approximate this spectral density function over the wave-
number band of potential concern with a meromorphic func-
tion of the form18

i 2m
<f>(K,o,z) = (38)

where the a's and b's are functions of z. We can express Eq.
(38) in the form

o2L a'
a'0+(KL)2

(39)

where the a"s and b"s are functions of z. At /c = 0 Eqs. (37)
and (39) agree exactly. As /cL departs from zero, Eq. (39) will
depart from Eq. (37). However, the a"s and b"s could be
chosen so as to minimize the error over a band of wave num-
ber, — KC < K< KC, of concern subject to the constraint

( oo
(t>(T,0,z)dK = a2 (40)

We will not discuss this point further except to say that these
techniques do exist.18 The simplest approximate mermorphic
representation of </>(K,O,Z) is that obtained from Eq. (39) by
setting a'0 = l and 0 - = = b - = 00=1,2,3.../n) so that

<t>(K,o,z) =
o2L

1+(KL)2 (41)

This function is the longitudinal spectral density function
proposed by Dryden.19 The quantity a'0-\ results from the
constraint given by Eq. (40). Equation (41) has been widely
used in the aeronautical and aerospace communities for the
simulation of flight in atmospheric turbulence. As AcL~oo,
Eq. (41) asymptotically behaves like

(42)

Thus, the Dryden spectrum will decrease faster than the von
Karman spectrum as /cL -> oo. This means the percentage error
resulting in the use of Eq. (41) to represent the von Karman
spectrum will increase as /cL increases. This error can be
reduced over a prescribed wave number band by judicious
selection of values for the a's and b's in Eq. (39). In the
application that follows we shall use Eq. (41) because of its
simple form and more importantly because in many practical
cases it provides for an adequate simulation of turbulence.

B. Standard Deviation and Integral Scale of Turbulence

To determine values of a and L for a simulation we return
to Eq. (37). In particular we will discuss the determination of
a and L for the horizontally homogeneous and statistically
stationary surface boundary layer for which the Monin-
Obukhov-Lettau similarity hypothesis is valid. According to
Ref. 9, available meteorological data appears to suggest that
</>(/c,0,z) can be functionally expressed as

K<J>(K,O,Z) =G(KZ,Z/LO) (43)

where G is a universal function KZ and z/L 0, u *0 is the surface
function velocity, and L0 is the Monin-Obukhov-Lettau
stability length. We now render the von Karman spectrum,
Eq. (37), nondimensional in accord with Eq. (43) to obtain

K<I>(K,O,Z) 1—
TT

KZ

[l+(L339(L/z)Kz)2]5/6

Comparison of Eqs. (43) and (44) yields

(o/u.0)=Fj(z/L0)

and

(L/z)=F2(z/L0)

(44)

(45)

(46)

where F7 and F2 are universal functions of z/L 0. Upon ren-
dering Eq. (36) nondimensional according to the scaling for-
mula given by Eq. (43) and comparison of the resulting
relationship with the asymptotic form of Eq.(44) as KZ~ oo we
determine the functionF2(z/L0), i.e.,

F2(z/L0) =
k, F,3(z/L0)

(1.339)5<2(Tra)3'2 <j>f(z/L0)
(47)



AUGUST 1975 ATMOSPHERIC BOUNDARY-LAYER TURBULENCE SIMULATION 643

where kj is von Karman's constant with numerical value ap-
proximately equal to 0.4 and 0e is the nondimensional viscous
dissipation, namely

(48)

The quantity 0 6 is a universal function of z/L 0 according to
the Monin-Obukhov-Lettau similarity hypothesis.21 The fun-
ctions Fj and <£€. are known functions of z/L 0 so that a and L
are known functions of height upon specifying u *0 and L 0.

This analysis can be extended to the turbulent Ekman layer
by hypothesizing the existence of a universal function of the
nondimensional longitudinal spectrum, functionally of the
form

K(t)(K,0,Z) = G(KZ,z/L0,fz/u.0,z/b) (49)

where/is the Coriolis parameter and 5 is the boundary-layer
thickness. In this particular case we are considering a
barotropic Ekman layer. To extend the analysis to baroclinic
boundary layers nondimensional quantities characterizing the
baroclinicity of the layer are required. If the scaling law given
by Eq. (49) is correct then the equations for a and L are given
by

L_
z

(a/u.0)=F](z/L0,fz/u.0,z/d)

k,_____ F3
I(z/L0,fz/u.0> z/d)

(1.339)'"-(*a)3» <t>f(z/L0,fz/u.0,Z/?>)

(50)

(51)

The precise behaviors of the functions F} and <£e in the Ek-
man layer are not experimentally well known. However, in the
neutral boundary layer (z/L0 = 0) it appears that <5ocw,0//
(Refs. 22 and 23), so that Eqs. (50) and (51) reduce to

(52)

Fj3(fz/u.0)
(1.339) 5/2(ira)3/2 <t>((fz/u.0)

(53)

Controversy exists concerning the unstable Ekman layer. One
theory24'25 states that «,0//is irrelevant. Another theory26

states that in addition to the parameter/z/w*0 one need only
introduce z/L0 to characterize heat flux effects so that non-
dimensional quantities like a/«*0 and L/z are universal func-
tions of fz/u*0 and z/L0. The resolution of this controvery
awaits adequate experimental data. We believe that both
theories have merits and rather than discard w.0//in favor of
5 or vice versa both quantities should be incorporated into a
viable boundary-layer theory. Very little is known about the
stably stratified Ekman layer and future developments must
await results from sufficient detailed experiments. The major
problem in the stable Ekman layer is the tendency of the
stable stratification to retard interlevel turbulent coupling.

Let us now return to the surface layer analysis. In the
neutral (z/L0 = 0) surface layer the functions F} and <£e
reduce to constants, namely F7(0) = 2.5 (Ref. 27) 0e(0)=l
(Ref. 28), so that

(54a)

(54b)

where K1 =4.08. This linear dependence of L on z is in
agreement with available data.8 As z/L0 departs from zero
toward instability (z/L0<0) and stability (z/L0>0)Fj(z/L0

increases and decreases respectively, thus resulting in a ver-
tical distribution of a. In unstable and stable air the depend-
ence of L on z will depend on the model that is selected for 0 .
The form of 0e depends curcially on the turbulent energy
budget.28'30 Thus, for example, if one assumes that produc-
tion and dissipation of turbulent energy are in balance, which
many tower measurements seem to suggest, then it can be
shown that

<t>e(z/L0)=$u(z/L0)-z/Lc (55)

(Ref. 8) where (t)u = (k]z/u^0)du/dz is the nondimensional
first derivative of the mean wind speed. The quantity <t>u is a
universal, monotonically increasing function of z/L0 with
<£w(o) = 1. This model with the behavior of Fj(z/L0) given in
Ref. 27 leads to the well observed result that L increases with
altitude at a rate slower than z in stable air and increases with
altitude at a rate faster than z in unstable air. This means that
at a given altitude z as the boundary layer becomes unstable
the longitudinal spectrum tends to shift toward smaller wave
numbers and vice versa for the stable boundary layer, which
are well confirmed results.30

C. Coherence and Phase

The interlevel longitudinal spectra or equivalently the in-
terlevel coherence and phase angle, Eqs. (5) and (6), have only
been studied until very recently so that available data are
sparse in relation to the amount of data on longitudinal
autospectra at a given level. The available data on
longitudinal coherence and phase appear to show that in the
surface layer the following scaling laws are valid

coh(*,A,z) = (56)

(57)

where 11 and 12 are universal functions.31 The quantity S is
called the "eddy-slope" in the meteorological literature. It ap-
pears that these laws can be extrapolated up to approximately
the 100 m level. Above this level an added height dependence
should be included, i.e., quantities like/z/w*0 and z/b should
be included in the arguments of the functions // and 12. The
scaling laws state that short eddies (large K) over short vertical
distances (small A) have the same coherence and phase as long
eddies (small K) over large vertical distances (large A).

Available experimental evidence appears to suggest that the
functions // and I'2 are given by31

(58)

(59)I2(KA,z/L0)=I3(z/L0)

where a and I3 are monotonically increasing functions of
Z/L 0 with a(0)— 19 and I3(0)~ 1. Thus, at a given value of *A
the interlevel longitudinal coherence in unstable air is larger
than the corresponding value of coherence in stable air, while
the reverse is true for the "eddy-slope" S. The analysis that
follows will be based on Eqs. (58) and (59).

V. Longitudinal Gust Simulation/Application
In this section we shall combine the theoretical development

and empirical longitudinal gust statistics presented in the
previous sections to demonstrate the practical aspects of the
simulation of turbulence. In our discussion we will use the
Dryden approximation to the longitudinal spectral density
function, Eq. (41) with a and L given by Eqs. (54) and the in-
terlevel spectral coherence and phase functions given by Eqs.
(56-59) for z/L0=0. The latter equations show that the in-
terlevel spectral coherence and phase angle of the random
process v(x,z) should depend on /cA only. In addition, in the
neutral stability case (z/L0 = 0) the dependence of the
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coherence and phase angle on z should vanish. We shall
restrict the analysis in this section to the neutral case;
however, we shall allude to the stable and unstable cases in
our discussion concerning self-similar properties of the filter.
A. Coherence Determination

In the neutral case it is clear that Eq. (21) satisfies the
scaling law given by Eq. (56) in view of the fact that K and A
are present only as a product. Transformation of /cA in Eq.
(58) to the dependent variable £ [see Eq. (22)] yields

where

Substitution of Eq. (60) into Eq. (23) yields

(60)

(61)

(62)

To estimate the parameter £0 in this particular example, we
note that if a linear aerospace or aeronautical system travels
with speed Vs through a Fourier component of turbulence
with wave number K, then a response in the system will be ex-
cited at frequency a? (rad sec'1) given by

so that

(63)

(64)

The quantity e0 is defined as the largest value of /cA of concern
which is obtained by maximizing coA and minimizing Vs. If we
confine the simulation to the first 300 m of the boundary
layer, then the largest value of A-0(300 m). During a
simulation we are interested in the control capability of the
system or pilot so that the largest value of o>~0(27r rad sec'1)-
In addition, the smallest value of F5~0(50 m sec"1)* so that
with a = 19 (see Sec. 4C) the smallest value of the simulation
parameter £0~0(0.01). An upper bound on £0 = oo, which
corresponds to a = 0 or perfect coherence for arbitrary £ (a
physically impossible case). A physically real upper bound on
£0 might be obtained by examining the case in which the
largest permissible frequency of the system is the phugoid
mode17 which for most aircraft during take-off and landing is

Fig. 3 The function -Os vs*A/€0 for£0 =0.1 and 0.01.

on the order of g/ Vs where g is the acceleration of gravity (9.8
m sec'2). Substitution of the previous values of Vs and a [see
Eq. (58)] with the phugoid frequency yields an upper bound
on£0~0(l).

Figure 1 is an example of the coherence of the simulation
model in which £0=0.1. In this particular case we used a
Fourier expansion, as previously described, in which we have
truncated the expansion after the tenth term. In the figure we
have indicated the values of bk (k = 1,2,... 10) associated with
the values of the ^4's derived from Eq. (62). We have also in-
dicated in the figure typical 95 % confidence limits of coher-
ence data from many sites. It is apparent from the figure that
a ten-term expansion results in an adequate representation for
engineering applications.

Figure 2 is an example of the coherence for £0 = 0.01 where
we have again used a ten-term expansion. In this particular
case the simulation model fails to have coherence fidelity. To
remedy this situation an increase in the number of terms
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(noise sources) in the Fourier expansion of the coherence by a
factor of 5 to 10 would be required.

B. Auto-Spectra Factorization

In view of Eqs. (32) and (41) the function HP(K,Z) in this
particular example is given by

(65)

where L = KjZ. This result will be used in the following sec-
tions to determine phase angles and for system self-similar
considerations.

C. Phase Angle Determination

According to Eqs. (34) and (59), for the neutral case (S= 1),
we can write

A. Inverse Fourier Transformation
Combination of Eqs. (9, 17, 31, 65, and 70) yields the result

r A I-*
= hr E bk\

L- Ar=/ J

(71)

where L(z)=KjZ. This statement can be transformed into
(x,z)-space to yield

-[-£>,]'L k=l J

v(x,z)
a(z)Ll/2(z)

n

x E bkPk(x-z(l-bk-c)) (72)

(66)

where 0 s(/cA) is given by Eq. (35) and is a known function of
/cA. The functions #5( /cA) for f0 = 0.1 and 0.01 are given in
Fig. 3. It is readily seen that for engineering application pur-
poses 05(/cA) can be approximated as a linear function of *A,
i.e.,

(67)

where c(n,e0) is a function of the noise source number, n, and
the nondimensional cut-off wave number, e0. We found this
linear approximation to be valid for 3</7<10 and 0.1 <e0

The quantity 6p(K,z) by definition is given by

which is derivable from Eq. (65)
Substitution of Eqs. (67) and (68) into Eq. (66) yields

0

(68)

(69)

where G0(K,zr) is an arbitrary function of K and a reference
height zr. For definitness we shall set this function equal to
zero.

VI. Self-Similar Simulation

In the previous sections we derived the appropriate re-
sponse function for the simulation of the longitudinal com-
ponent of turbulence in the context of a first-order Dryden
auto-spectrum. The resulting mathematical system permits
the simulation of the random function field v(jc,z). This func-
tion field is useful in many applications; however, in
aeronautical and aerospace vehicle applications we desire the
function

v ( t ) = v ( X ( t ) , Z ( t ) ) (70)

where X(t) and Z(t) are the horizontal and vertical coordinates
of the vehicle at time t along its trajectory. A basic assump-
tion here is that the turbulence is frozen in the flow or in other
words Taylor's hypothesis is assumed to be valid. To generate
the function v(t) we thus evaluate v(x,z) along the trajectory
of the vehicle. This could be impractical in the sense that the
entire random function field is needed to determine the func-
tion v(t). However, in the present analysis we can circumvent
these problems by appealing to the self-similar properties of
the model under discussion.

where

or

Nk(K)
-oo (7+

(73)

P* (* )= T^Z J-oo^L^f]^^^^^^ ^

where K0 is the zero-order modified Bessel function of the
second kind. Let us now map the noise process Nk(x) from the
.xr-domain to the x/z-domain and denote this mapping by
Mk(x/z) which is still a Gaussian, white noise process with
unit spectral density. This transformation permits us to ex-
press Eq. (72) with the form

v(x,z) -[.£».]'"u k=l J

£ bkP'k\ - -
i,— i 1— Z

(75)

where P'k is a "universal" function of x/z and is given by

(76)
Thus by generating a white noise process M k ( f ) , convolving
it according to Eq. (76), then lagging it in jc/z-space by a
distance (l+bk — c), and finally summing over the n noise
processes according to Eq. (75) yields a "universal" random
function F(x/z) for the random variable v(x,z)/o(z)LVz(z). In
short we have transformed the random function field v(x,z) of
two independent variables to a random function process
F(x/z) with one independent variable and in this sense we
speak of F(x/z) being a self-similar simulation of the wind
process u(x,z)/a(z)L l/2(z).
B. Transformation to Vehicle Time Domain

As noted earlier, to determine the process v(t) [Eq. (70)]
along the trajectory of an aeronautical or aerospace vehicle
we merely evaluate Eq. (75) at the location of the vehicle
((X(t),Z(t)]. This yields

v(t)
a(Z(0)£*(z(o>

X(t)
Z(t)

(77)
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Thus it is possible to perform a simulation of atmospheric tur-
bulence which retains the nonstationary character of tur-
bulence relative to a vehicle ascending or descending in the at-
mospheric boundary layer for the trajectory only and thus
avoid explicit evaluation of the entire two-dimensional
velocity field.

C. Self-Similar Simulation/A Second Look

The self-similar solution rests upon the integral scale being
a linear function of height. Thus, in unstable and stable
boundary layers in which the vertical dependence of L departs

. markedly from a linear behavior a self-similar simulation like
that previously discussed may not be available. In addition,
Monin-Obukhov length effects would then become important
which, if in fact a self-similar simulation did exist, then it
would at best only allow for a "universal" representation of
v(x,z)/a(z)Ll/2(z) functionally of the form F(x/z, z/L0). In
other words, if a self-similar simulation did exist for stable
and unstable flows it would not be one-dimensional as in the
neutral case because of the presence of the independent
variablez/L0.

A second point which should be noted is that the functional
form of o (z) does not play a critical role in the self-similar
theory because o (z) only enters the theory via a division of
v(x,z). In the special case of the neutral surface layer a = con-
stant. However, this requirement can be used with an integral
scale which depends linearly on height because the linear
dependence of L on z in the neutral case extends to greater
heights (z~200 m) than the attendant height invariant
behavior of a in the neutral surface layer. This then permits
self-similar turbulent simulation in neutral boundary layers
up to approximately the 200-meter level.

VII. Epilogue

The concepts of nonstationary turbulence simulation,
especially the self-similar aspects of the subject, represent
what we believe to be a viable new approach to the solution of
a long outstanding problem. Although the development was
restricted to atmospheric turbulent random process fields we
believe that the technique is sufficiently general so as to be ap-
plicable to other two-dimensional random function fields. In
these other applications the self-similar properties may not be
available; however, the mathematical machinery prior to the
self-similar developments herein should be applicable.

The technique developed herein is a practical one and the
implementation of the model should be no more difficult than
currently available procedures which are capable of
simulating a process which only satisfies the auto-spectra
properties of atmospheric turbulence.

The analysis serves to indicate areas of deficiencies relative
to the observational aspects of atmospheric turbulence. Im-
provements in the fidelity of the model can only be ac-
complished through better empirical definition of the auto-
spectra, coherence, and phase angle 6. Of the three ingredients
to the model the latter two require further study.

An important point in the analysis was the factorization of
the auto-spectra and thus the occurrence of the phase angle
Oy(K,z) [see Eq. (69)] permitted the interlevel phase angle 0
to be satisfied. The question that must be answered concerns
whether or not 6y(K,z) as modeled herein is valid. The phase
angle Qp + 0y plays a crucial role in the theory of intermittent
turbulence32 because it is only through these phase angles that
occassional large gusts can occur. From the development in
Sec. V,

(78)

Differences between this result and experiment will occur
because we have replaced the Kolmogorov inertial subrange in
the von Karman spectrum [Eq. (37)] with a first-order

meromorphic representation (Dryden form). However, these
differences we believe to be minor and within the expected ex-
perimentalrange of variation. If Eq. (69) departs significantly
from experiment it will be due primarily to the function dy
selected to satisfy the interlevel phase angle requirements. In
our analysis we set G0(/c,zr) =0 [see Eq. (69)]. If it should
turn out that Eq. (69) is not valid then a nonzero function
G 0 ( K , z r ) might be selected to satisfy the experimental results.
This may not be possible because a z-dependence in the func-
tion G0(k,rr) is not available. In addition, the inclusion of a
nonzero function for G0(/c,r r) would destroy the self-similar
properties of the model because of the appearance of the non-
dimensional ratio z/zr in the argument of the function F(x/z).
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